We consider a model of ballistic quasi-one dimensional semiconducting wire with intrinsic spinorbit interaction placed on the surface of a bulk s-wave superconductor (SC), in the presence of an external magnetic field. This setup has been shown to give rise to a topological superconducting state in the wire, characterized by a pair of Majorana-fermion (MF) bound states formed at the two ends of the wire. Here we demonstrate that, besides the well-known direct overlap-induced energy splitting, the two MF bound states may hybridize via elastic correlated tunneling processes through virtual quasiparticles states in the SC, giving rise to an additional energy splitting between MF states from the same as well as from different wires.
The topological properties of Majorana fermions (MFs) as well as the search for suitable solid-state experimental scenarios where MFs can arise have been attracting wide attention in the last decade [1] [2] [3] , spurred even more by recent experiments investigating MF physics [4] [5] [6] [7] [8] [9] [10] [11] . There is a number of proposed systems that might host MFs, such as two-dimensional spinless chiral superconductors (SCs) with p + ip symmetry including the 3 He A-phase and the fractional quantum Hall liquid at filling factor 5/2 [12] [13] [14] [15] ; the superfluid 3 He B-phase 12, 16, 17 ; heterostructures of topological insulators and SCs 18, 19 ; optical lattices 20 ; quasi one-dimensional systems with spinorbit interactions (SOI) and proximity induced superconductivity for semiconducting nanowires [21] [22] [23] and for carbon-based materials [24] [25] [26] . Here we consider a model of a wire with Rashba SOI brought into contact with a bulk s-wave SC. Due to the interplay of proximity-induced superconductivity, SOI, and magnetic field, the wire is expected to enter a topological superconducting (TSC) phase for strong enough magnetic fields, and to host MF bound states localized at its two ends [21] [22] [23] . The energy of an isolated MF is pinned to the Fermi level inside the mini gap, due to its topological nature. In realistic finite-size wires the two end MF wave functions overlap, and such coupling leads to the splitting in energy of the otherwise doubly degenerate level. In most theoretical approaches, after one has calculated the proximity-induced gap in the wire, one usually forgets about the bulk SC and works with an effective model for the wire. The smallness of the energy splitting of the MF state, relevant for quantum computing purposes, is then determined by the relation between the wire length L and the MF localization length ξ w . Namely, in order to have an exponentially small splitting, it is necessary to require L ξ w . However, we show here that coupling between MFs can be established also through the SC, on a relevant length scale dictated by the coherence length ξ s in the SC (modified by inverse power-law corrections in L). In such cases, the energy splitting is exponentially suppressed in the regime L ξ s . This effect becomes significant if ξ s > ξ w , and, together with other decoherence mechanisms 27, 28 , it could become an important issue. On the other hand, this effect also provides useful signatures that can help to identify MFs experimentally.
Generally speaking, tunneling between normal leads via an s-wave SC can occur via elastic single-electron cotunneling processes or via local or crossed Andreev reflection [29] [30] [31] , which is a two-particle tunneling process. Tunneling in systems with MFs are different in that sense. Two MF states form a single complex fermionic state and coupling via the anomalous propagator of the SC is thus not possible. Still, we show here that hybridization between two MFs can be induced by correlated tunneling of a single particle via virtual quasiparticle states of the SC.
Model. The setups considered here are schematically shown in Fig. 1 . A semiconducting wire of length L with SOI and in the ballistic regime is placed on the surface of a bulk s-wave SC and we assume that the two are connected through a weakly transparent interface (tunneling regime). An external magnetic field is applied, oriented along the wire axis. We assume that orbital effects in the structure are small compared to the Zeeman splitting effect. Furthermore, the typical g factor of electrons in the wire is much larger than the one in the SC. In virtue of that, we neglect the Zeeman term in the SC. The order parameter ∆(r) is generally non-uniform at the interface, and, typically, smaller than in the bulk of the SC. However, due to the low-transparency interface, we neglect the influence of the wire on ∆(r) in the SC near the interface and use the constant bulk value ∆ within the usual BCS model.
The Hamiltonian of the SC-semiconducting wire system, Fig. 1(a) , can be written as H = H BCS + H w + H t . In a three-dimensional clean SC one has
, where
T is the electron operator in Nambu form in the SC, m and µ are the mass and the chemical potential. The Pauli matrices τ i act in particle/hole space. The coordinates are chosen such that thex-axis is parallel to the wire and theŷ-axis is perpendicular to the surface of SC. Space coordinates in the SC are denoted by ρ = (ρ x , ρ y , ρ z ).
In the quasi-one dimensional wire one has the Hamiltonian
T is the electron operator in Nambu form in the wire; α is the spin-orbit coupling constant; ∆ Z is the Zeeman energy; m w and µ w are the effective mass and chemical potential in the wire. The Pauli matrices σ i act in spin space.
The tunneling between the SC and the wire is described by
where
and t ρ,x is the tunneling matrix element between the point ρ in the SC and the point x in the wire. We assume that tunneling occurs along the quasi one-dimensional interface, parallel to thex-axis, in a width of the order of the Fermi wavelength in the SC.
Integrating out the superconducting degrees of freedom and including contributions proportional to the second order of the tunneling matrix element, we obtain the following equation for the Green function in the wire,
gives the zeroth-order wire Green function at energy ω.
The second term on the left-hand side of Eq. (4) represents the electron self-energy due to tunneling between wire and SC,
and describes Andreev as well as normal elastic cotunneling processes. The Green function of a clean homogeneous three-dimensional SC is given by
2 is the single-spin normal-state density of states, ρ = |ρ|, v F and p F = mv F are the Fermi velocity and momentum.
We assume a uniform tunnel junction with local tunneling, conserving electron spin and momentum component parallel to the wire. The real-space tunneling matrix element is given by
where we assume t to be a real constant. We now proceed in two logical steps, similarly to what one does when finding first an isolated MF solution for a semi-infinite wire, and then using that result to deduce the finite-length splitting of two almost-decoupled MFs. We first solve Eq. (4) together with Eqs. (6) and (8) in the L → ∞ limit. Taking into account that the Fermi momentum in the semiconducting wire is much smaller than that in the SC, one arrives at the equation
The parameter Γ defines the properties of the tunneling interface and in this geometry is given by
The first term in square brackets in Eq. (7), proportional to τ z , produces a renormalization of the chemical potential µ w , corresponding to the doping effect of the SC, and can be absorbed by redefining it. In Eq. (9) and in the following it will be contained in µ w .
One then sees that all the energies ω get renormalized, due to the second term in square brackets in Eq. (7). Finally, the proximity effect induces a mini-gap ∆ in the density of state of the wire, and at low frequencies ω ∆ it given by
approximated by Γ in the tunneling regime Γ ∆, and by ∆ in the transparent regime Γ ∆. Even though we are formally working in the tunnel approximation, the results of this approach are known to be essentially correct up to Γ ∼ ∆ 32 . It is well known 2 that Eq. (9) has a low-energy pwave type SC phase when the Zeeman energy exceeds a critical value ∆ 2 + µ 2 w . The upper limit of magnetic field which can be applied to the system is set by the orbital effects that either destroy bulk superconductivity or induce orbital quantization in the wire that could suppress the proximity effect. In the p−wave phase, the system supports a MF bound state at each phase boundary. In first approximation, a wire whose length is much larger than the localization length of the MF wave functions exhibits a doubly degenerate level with energy E ± = 0 pinned at the chemical potential, and the two associated MF wave functions are approximately given by the solution of the semi-infinite problem, in the general form
The exact form of the MF wave function is in general complicated. However, one can write down an approximate expression 33 in the weak-SOI regime ∆ Z α 2 m w and far away from the topological transition,
with spinor Φ L0 = (1, −1, −i, −i) T e −iπ/4 . The wave function oscillates with wavevector p Fw √ 2m w ∆ Z and decays on the scale of the localization length given by
This weak-SOI regime, which is most relevant for current experiments 4-6,9-11 , allows us to obtain analytical results. If L > ∼ ξ w , the energy splitting of the two MFs is exponentially suppressed, E + ∝ exp(−L/ξ w ). Similar considerations apply to the strong SOI limit, with the only difference that there are now two localization lengths associated with the p 0 and p p Fw regions of the spectrum 33 . At low energies the electron operatorΦ(x) expansion in terms of eigen-excitations can be truncated andΦ(x) is projected onto the subspace of two decoupled MFs,
where the two MF operatorsγ i satisfyγ i =γ † i and {γ i ,γ j } = δ ij . Within the same approximations, the electron Green function can be written as
At this point we go back to Eq. (9) and introduce a finite length L to the wire, and we analyze the resulting interaction between the two MF bound states as a perturbation to the result given in Eqs. (14) and (15) , which refer to the L → ∞ limit.
In order to obtain a quantitative estimate of the SCmediated coupling of the two MFs, we evaluate the firstorder correction E + to the MF state energy (see Appendix), determined by the expression (counted from µ w )
We find that two MF edge states couple only via correlated tunneling through virtual quasiparticle states of the SC. This process is described by the first term in the square bracket in Eq. (7), which in the infinite case only shifts the chemical potential. Coupling through the anomalous Green function in the SC is forbidden, because it would involve double-occupancy of the MF state by a split Cooper pair 34 . Assuming now that L ξ w , and that therefore no appreciable direct overlap exists, we obtain for the SCmediated energy splitting
Discussion. The small pre-factor in Eq. (17) originates from the ballistic motion in the SC, which provides a contribution ∝ (p F L) −1 to the energy splitting, as well as from the small ratio of number of conducting channels in the wire to the number of channels in the SC, causing a further suppression factor ∝ p 2 Fw /(p 3 F ξ w ). We observe here that this pre-factor strongly depends on the geometry and the dimensionality of the contact between the wire and SC. For example, in the case of point contact connection, the energy splitting of the MF state would be given by
, with a pre-factor Γ pc defined by the point contact transparency.
Let us also comment on the dependence of the prefactor in Eq. (17) on the dimensionality of the SC. In the case of a wire coupled to d-dimensional ballistic SC, the pre-factor originating from the SC Green function scales as ∝ (p F L)
(1−d)/2 . The coupling between MFs is thus noticeably enhanced in lower dimensions. Alternatively, the pre-factor can be increased in the limit of a diffusive SC, where disorder enhances the correlation effects as compared to a clean system. In SCs with linear dimensions larger than the mean free path , the pre-factor has the form ∝ (p 
where Numerical simulations. We confirmed the existence of the SC-induced MF energy splitting, and in general the presence of two independent length scales, ξ w and ξ s , by performing exact-diagonalization calculations of a twodimensional tight-binding model for the wire-SC coupled system, investigating the MF splitting as a function of L. In particular, we consider a quasi-1D wire of width W w laterally coupled to a large SC (W s W w ) along all its length L. The wire is described by a hopping parameter t w , finite SOI hopping α and Zeeman splitting ∆ z . The SC has a larger hopping energy t s t w and a uniform pairing potential ∆, but zero SOI and Zeeman coupling. The wire-SC coupling is modeled by an interface hopping t. For further details on the tight-binding model see Ref.
35 . In Fig. 2 we plot the numerical results for the MF energy as a function of L. One immediately notices that the data (their envelope) do not lie on a straight line, like they do in the wire-only case, and that therefore no pure exponential behavior is observed. Rather, the obtained data seem to be composed of two contributions: one purely exponential, emerging at low values of L, with a characteristic decay length ξ 25a (black dashed line) and with wide oscillations visible up to L 200a; we attribute this contribution to the direct-overlap splitting in the wire. The other contribution, emerging at large L, follows a modified exponential behavior, with localization length ξ = 100a extracted at the largest L's, and much faster oscillations. We attribute this contribution to the SC-mediated MF correlations. The corresponding points can be successfully fitted by a ∼ exp(−L/ξ )/ √ L curve (red dash-dotted line), which is the analytical prediction for this quasi-2D geometry [see Eq. (17) and ensuing comments on the role of the SC dimensionality]. On such curve lie both the maxima at large L and the relative minima at low L, where the SC contribution is secondary and can be observed in correspondence of the minima of the wire contribution.
Coupling between two different wires. Let us finally consider another setup, see Fig. 1(b) , where two different wires are placed close to each other on the surface of a bulk s-wave SC. At each wire/SC interface the contact is as before. We further assume that the length L of each wire is much longer that the wire separation D, and that L ξ s , ξ w . If D < ∼ ξ s , then the same considerations made above apply and the same result for the inter-wire splitting of the MFs is obtained. Since the proposed schemes for MF-based quantum computation involve multiple wires hosting MFs at their ends 2 , brought into vicinity to each other in order to perform logical braiding operations, one must be concerned about both intra-wire and inter-wire MF energy splittings. In the two-wire case there is no direct overlap between the states Φ R1 and Φ L2 of Fig. 1(b) , so that the SC-mediated splitting is the only present and is easier to be identified.
The coupling between two MFs from different wires can be tuned by changing the "type" (i.e. the phase) of the MFs that are interacting (real-part or imaginary-part type). This can be accomplished for instance in a wire with N-S setup by varying the length of the N part 33 or by changing the relative wire orientation 36 . The general expression for the inter-wire MF energy splitting is given in the Appendix. In the special case of two identical wires and two MFs of opposite type one obtains Eq. (17), with L replaced by D. In the case of two MF of the same type one has E + = 0.
Conclusions. We have studied the coupling between two MFs arising in a wire with SOI placed in contact with an s-wave SC. We have shown that if the separation between the two MFs is of the order of the SC coherence length, elastic correlated tunneling processes through virtual quasiparticles states in the SC split the doubly degenerate energy level of the MFs. This remains true even if the wire is much longer than the wire MF localization length, and the direct-overlap splitting is thus negligible.
and the corresponding operator readŝ
and diagonalizes the Hamiltonian Eq. (A1)
The Green function in Eq. (A3) is given by
where r = |x − x |. The term ∝ τ x gives the anomalous Green function F (r) and the rest gives the single-particle Green function.
In first-order approximation we assume that L ξ s = ∆/v F ξ w and solve Eq. (A3) separately in the vicinity of x ∼ 0 and of x ∼ L, i.e. left and right edges of the wire. In the vicinity of the left edge of the wire (x 0)
In the vicinity of the right edge (x L) one has an identical equation, but with x replaced by (L − x).
Analogous considerations can be applied to the case of two wires of length L placed along thex direction and separated by a distance D. One has in the left wire (−L < x < 0) the equation
and in the right wire (
Here g −1 1,2 (x) are defined for two wires that can have in general different Zeeman terms, SOI strengths, etc.
Let us go back now to the single wire case. We first solve the problem in the vicinity of the left edge, x ∼ 0,
One gets a MF solution corresponding to energy ω = 0. The two MF wave functions (at the left and right edges of the wire) can be written as (in what follows we omit the index ω = 0)
One can write solutions at the left and right edges of the wire in the limit of large magnetic field as
We note that the two solutions, beyond satisfying the particle-hole symmetry, are related by
owing to the symmetry of the single wire Hamiltonian Eq. (A10). The hybridization of the zero-energy levels due to the finite size of the wire is similar to hybridization in a doubl-quantum-dot system. The degenerate zero energy level splits into two levels E ± with corresponding wave functions that can be written as
The energy levels are related by the particle-hole symmetry E + = −E − . The same particle-hole symmetry of the Hamiltonian (A1) requires
One finds that ϕ = π/2. The half-energy splitting of two MFs is given by the overlap of two wave functions Ψ j (x) localized at the edges the wire. Within degenerate perturbation theory we obtain for the single-wire case
and for two wires
The indexes R1 and L2 identify the solutions of Eqs. (A8), (A9) at the right (x ∼ 0) and left (x ∼ D) parts of two wires, respectively. Expressing the Green function of the superconductor as (see Eq. A6)
In the single-wire case the term Φ * L (x)τ x Φ R (x) vanishes and we are left with the diagonal term Φ * L (x)τ z Φ R (x) = 0 only. We obtain 
We can replace |x − x | → L except in the fast oscillating term cos [(x − x )p F ].
One obtains in the limit L > ∼ ξ s ξ w
The energy splitting for the single wire is given as
Using Eq. (A11), for the two-wire case we obtain
The energy splitting generally depends on the explicit form of the MF wave functions in the two wires.
